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ABSTRACT

A metric space X = U 7, X, is constructed such that X, = {x,} consists of a
single point x,. X..i = 0.1.2,-- are disjoint and closed. X..i = 1.2, are open.
ind X, =0 fori =0.1.--- and ind X = |. The above space (proved to be. in
some sense, most simple) shows also that the dimension ind of a metric space
can be raised by adjoining of a single point, a fact proved recently by E.K. Van
Douwen and by T. Przymusinski. Some maximality property of the family
{X:Ind X =0} is proved and conditions implying P-ind = P-Ind are given.

1. Introduction

A family F of topological spaces will be said to satisfy wst (the weak sum
theorem) if X € F whenever X = U 7., X,. where X, are disjoint closed
subsets of X and X, € F.i =0.1.---. A dimension function d will be said to
satisfy wst if F ={X.d(X)=n} satisfies wst, for n = - 1.

[n this note a metric space X = U 7, X, is constructed where X,. =0, 1,
are disjoint closed subsets of X and X,,i = 1,2, - are also open in X such that
Xa={xo}is a one-point set. Ind X, =1 fori=1,2.--,ind X, =0fori =01,
and ind X = . Thus the small inductive dimension d = ind does not satisfy wst.
The above space X is also an example of a metric space showing that the
dimension ind can be raised by adjoining of a single point x,. a fact proved
recently by Eric K. Douwen in [7]** and by T. Przymusiniski in [8). As known,
the dimension functions dim and Ind do satisfy quite strong sum theorems. It
will be shown also that the metric space X constructed by us is in some sense
the most simple one. It will be proved further that the family {X;Ind X = 0}
contains every subfamily of {X;ind X = 0} satisfying wst. Finally, the property
wst will be used to give conditions under which P-ind = P-Ind (for definitions
of P-ind and P-Ind see [4] and [1] respectively; also [5). p. 326).

*This is part of a rescarch thesis at the Technion, Israel Institute of Technology. towards an
M.Sc. degree. directed by Professor M. Reichaw.

**Eor this reference | am indebted to Prof. A. Goetz.
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In what follows only metric spaces will be considered.

2. An example of a metric space X for which d = ind does not satisfy wst.

To construct our example we shall use the following result of P. Roy [6].
@) There exists a metric R suchthat Ind R =1andindR = 0.

Now take the space R constructed by P. Roy and put X = U 7_, X, where
Xo =R x{l/n}for n =1,2,--- and X, = {x,} consists only of one point x, such
that xo& U 7., X,. We define the topology in X as follows:

By Ind R =1 there exists a closed set A CR and an open set U such that
A CU CR and such that

(2) for every open subset V satisfying A CV CU, V is not closed.
closed.

Since R is a metric space there exists a sequence {Uy}i-1..... of open sets
satisfying:

3) U=U GnCU and O U, =A.
k=1

We denote A.=Ax{l/n},U; =U. x{l/n}n,k=1,2.-- and W, =
{xguU (U, Up). Let B,={W:}, ... and let for n >0,B, denote a
o-locally finite base in X,. Put B = U , B.. Then as trivially seen B is a base
for a topology  in X and we take X with this topology. Let us note the
following properties of the topological space X:

(4a) Each X,.n =1,2,--- is a homeomorphic copy of R
and is a closed and open subset of X,
(4b) X is metrizable.

Indeed, (4a) being evident it suffices by the Nagata-Smirnov theorem to show
that X is a regular (Hausdorff) space and that B is a o- locally finite base.
To show that X is regular we note first that W,.,C W, for k = 1. In fact, if
x & W, then for some n >0 one has x € X,. If n =k then X, N Wi = and
since X, is open in X one gets x& W,... If n =k + 1 then by x & W, one has
xZ Ui. Now by (3) Ui.,CU? and so there exists an open set G with
x €G CX.. Thus G N U.,= . Hence also G N W,., = & and again x & W..,.
Now let H be an arbitrary open subset of X and let x € H. If X # xo then x € X,
for some n > 0. Thus x € H N X, and since X, is a metric space, there exists
an open (in X, and so by (4a) also in X) set G suchthatx EGC GCHN X, C
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H. (Note that since X, is also closed in X the closure G of G in X, coincides
with that in X,.)

If x =x, then x € W, CH for some k >0. But then as already noted
x € W, CW,,, CW, CH. We thus proved that X is regular.

The fact that X is a Hausdorff space is trivial.

It remains to show that B is a o-locally finite base. But this is quite evident.
Indeed, each B, can be written in the form B, = U 7., B/ where each B! is
locally finite. Arranging the double sequence {B.}, ..,, into a sequence
{C.}.... . and adding to each C, one set W,, i.e. putting Ci = C, U{W,}, one
obtains that B = U _, Ci where each C is locally finite. Thus (4b) is proved.

We prove now

THEOREM 1. The space X = U .0 X, is a metric space such that X, = {xo}
is a one-point set, X,,n = 1,2, are closed and open in X, X,,n =0,1,--- are
disjoint, ind X, =0,Ind X, =1 for n=1,2,--- and ind X = 1. (Thus d = ind
does not satisfy wst.)

Proor. By the definition of X and by (4a) and (4b) it suffices to show that
ind,, X = 1. (It is trivial that x, is the only point at which ind X = 1.) Indeed,
suppose to the contrary that ind X = 0. Since x, € W, there exists then a closed
and open set G such that x € G C W,. Since G is open, there exists n such that
X E W, CG. Then A,.CU, CGN X, CUT But GN X, is closed and open in
X. contradicting (3), (2) and the definition of A, and of U?.

REMARK. It is easily seen that ind U7, X,=0 and so by X=
{xoU (U z., X,), one gets that the small inductive dimension ind of a metric
space can be raised by adjoining of a single point. Let us also note that our
space X satisfying as proved in Theorem 1 ind X = 1 can be represented as a
union X = A U B, where A and B are closed in X withind A = ind B = 0. This
can be done exactly as in [7] or directly by putting A = X\Uf_,(W“\ng)
and B = X\ U 7., (W..2\ W...). Then since for each i, W;\W... is open in X,
the sets A and B are closed in X. Also ind A =0 since for every k the
boundary B(W «..) of W, is contained in Wi \Wa.:and so B(Wy, )N A =
Z. Hence, Wi.. N A is a closed and open (in A ) neighborhood of x,. Similarly
one shows that ind B = 0.

3. A property of the X constructed in Section 2

In this section we shall show that the space X constructed in Section 2 is in
some sense the most simple one. For this purpose we shall need the following:
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LemMMA.” Let X,,i =0,1,--+ be metric spaces satisfying Ind X, =0 for i =
1,2, and let indXo=0. Let X = U 7.0 X be a metric space such that
X, i =0,1,--- are closed in X. Then ind X =0.

Proor. The proof is similar to the proof of the sum theorem in 3, p. 14].
Suppose that x& X, and let x € U where U is open in X. Since X is closed,
there exists an open set W such that x € W C W C U and W N X, = . By the
sum theorem for Ind one has Ind (U 7., X;) =0 and thus also Ind (X\X,) = 0.
Hence there exists a closed and open (in X\Xo) set V such that x EVCW C
W C U. The set V is open in X, since X\ X, is open in X. Since W N X, = J one
has also V N X, = and so V is also closed in X.

Suppose now that x € X, and let F be a closed subset of X such that x & F. It
suffices to show that there exists a clpsed and open subset U of X such that
x € U € X\F. Now, by ind X, =0 there exists U, closed and open in X, such
that x € U, C X,o\F. The sets F U (Xo\U,) and U, being closed and disjoint,
there exist open subsets Vo, and W, of X such that Uy C Vo, F U (Xo\Uo) C Wy
and Vo N W, =J. Since Ind X, = 0, there exists a set U, open and closed in X,
such that X, N V,C U, C X,\\W,C X \F. The sets V,U U, and WoU (X,\U)
being disjoint and closed in X there exist open subsets V, and W, of X such
that x € VoUU,CV,,FN (XU X)) CW,UX\U)CW, and W,NV, =0
Proceeding in the same manner one obtains by an easy induction two increasing
sequences Vo, V., Vs, - and Wy, W, Wy, -+ of open sets such that for V =

U=,,Viand W= U7 .,W onehas VNW=Zand VUW = X The sets V
and W being open and disjoint are also closed in X and satisfy x € V and
FCW. Thus ind X = 0.

The following theorem shows that in some sense the space X constructed in
Section 2 is most simple.

Tueorem 2. Let X = U =_, X, be a metric space, where X; are disjoint and
closed subsets of X satisfying ind X; =0 for i = 1,2, If ind X >0 then for
infinitely many indices i one has Ind X; > 0.

ProoF. Suppose to the contrary that there exists n such that Ind X; =0 for
all i>n and put X' = U1 Xi. Since X are closed and disjoint one has
ind X’ =0. Applying the lemma one obtains that ind X =9, contradicting
ind X > 0.

4. Property wst and the family {X;Ind X =0}
Theorem 3 which will be proved in this section shows that the family

t A sorter proof (using the sum theorem for Ind) has recently been communicated to me by
E. K. van Douwen.
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{X;1Ind X = 0} contains every subfamily of the family {X;ind X = 0} satisfying
wst. Let us recall that we consider only metric spaces. We introduce the
following:

DerFINITION. Let Q be a non-empty topologically closed and monotone
family of spaces. Put d, (X) = n if and only if there exist n + 1 subspaces X of
X such that X, €Q,i =1,2,--n+1 and X = U2/ X, For example, if Q =
{X;Ind X =0} then do (X)=1Ind X.

Note that because of the monotonicity of Q one has do (Y) = d, (X) for
Y CX, i.e. dy is monotone.
Let us denote S ={X;ind X =0}.

THEOREM 3. If Qis a subfamily of S satisfying wst then Q C{X;Ind X = 0}
(thus Ind X = dy (X)).

Proor. Suppose that R € Q. If there would be IndR >0 then defining
X.,n=0,1,-- and X as in Section 2 (note that Q is topologically closed and
monotone, thus the onepoint set X, = {xo} belongs to Q) one obtains as in
Theorem 1 that the metric space X = U 7., X, satisfies ind X >0, where
X. € Q are closed and disjoint subsets of X,n =0,1,--- .. Since Q CS one has
X& Q. But then Q does not satisfy wst. Thus R € Q implies Ind R =0.

5. Property wst and the equality of P-ind and P-Ind

In this section property wst and the equality P-ind = P-Ind will be investi-
gated. We recall first the following:

DeriniTION ([1] and [4]). Let P be a non-empty topologically closed family
of metric spaces. We put P-ind X = — 1 (P-Ind X = — 1)ifandonly if X € P.

We define P-ind X =n (P-Ind X =n) if and only if for every x € X (for
every closed subset A of X) there exist arbitrarily small neighbourhoods U of
x (of A) such that P-ind B(U)=n — 1(P-Ind B(U) = n —1). Finally, we put P-
indX=n(P-IndX=n)if PindX=n(P-IndX=n), but P-IndX=n-1)
does not hold.

TxeoreM 4. If Pis a non-empty topologically closed family of metric spaces
. such that closed subsets of spaces belonging to P aiso belong P (i.e. P is
monotone relative to closed subsets or closed monotone) and if P-ind satisfies
wst then for every metric space X one has P-ind X = P-Ind X.
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Proor. By the definition of P-ind X and P-Ind X one has P-ind X = P-
Ind X. Now, suppose to the contrary that there exists a metric space R such
that P-ind R < P-Ind R. We shall show by induction on P-ind R that P-ind does
not satisfy wst. We note first that P-ind X = — 1 if and only if P-Ind X = — 1.
Suppose that P-ind R =0 and P-Ind R > 0. Define the space X = U 5o X, as
in Secgion 2. Note that P-ind X, = P-ind{x,} =0. Then P-ind X, =0 for n =
0,1,--- and, as easily seen, P-ind X >0 (thus P-ind does not satisfy wst).
Indeed one has P-ind X = 0. Otherwise X € P and thus, since X, for n >0 is
homeomorphic to R and is closed in X, one gets by the monotonicity of P
(relative to closed subsets) that R € P, contradicting P-indR = 0.

Let us therefore assume that P-ind X = 0. Then as in the proof of Theorem 1
one has for sufficiently small neighborhoods G of x, that B(G) € P. Since P is
monotone relative to closed subsets (i.e., P is closed monotone), it follows that
B(G)NX,=B(GNX,)EP for n>0, contradicting (as in the proof of
Theorem 1) the fact that P-Ind R > 0. It follows that P-ind X > 0, contradicting
the assumption that P-ind satisfies wst. Suppose now inductively that if for
k = n there exists a space R, such that k = P-ind R, < P-Ind R,, then P-ind
does not satisfy wst. .

Let R be a space such that n+1=P-indR < P-IndR. Define X as in
Section 2. By [4, Theorem 3.3] P-ind is monotone relative to closed subsets.
Hence exactly as before (in the case P-ind R = 0) one obtains for sufficiently
small neighborhoods G of x, that P-Ind B(G)=zn + 1. If also P-ind B(G)=
n + 1 for every sufficiently small neighbourhood G of x,, then P-ind X = n +2
and the theorem holds. Otherwise there exists k =n such that

k = P-ind B(G) < P-Ind B(G)

and again the theorem holds by the induction assumption.
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